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Sedimentation of Multisized Particles in 
Concentrated Suspensions 

A model is developed for predicting the sedimentation velocity in suspensions 
of multisized nonflocculating solids, in which the retarding effect of the smaller 
particles on the setting velocities of the larger ones is taken into account. Tests of 
the model, and comparisons with other models, demonstrate that it provides im- 
proved prediction of data on suspensions comprising both discrete particle size 
mixtures and continuous size distributions, and that it is applicable to continuous 
countercurrent solid-liquid operations. 
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SCOPE 

Sedimentation in concentrated suspensions of particles is a 
broad subject because of the wide range of particle sizes, the 
variety of particle shapes, and the complex nature of the hy- 
drodynamic and physicochemical phenomena which govern 
particle-fluid and particle-particle behavior. The present work 
is limited to investigation of settling in concentrated noncollo- 
idal suspensions of spherical particles of mixed sizes. Therefore, 
the important class of flocculant suspensions, usually comprised 
of particles in the submicron-size range, is excluded. Even with 
this circumscription the problem is substantial. 

Sedimentation in noncolloidal suspensions comprised of 
spheres of uniform size and density has been investigated ex- 
tensively. Theoretical results relating the settling velocity to 
solids volume fraction for such monodisperse suspensions of 
spheres have been treated in the dilute limit (Smoluchowski, 
1912; Burgers, 1941,1942; Uchida, 1949; McNown and Lin, 1952; 
Happel, 1958; Kawaguti, 1958; Hasimoto, 1959; Pyun and Fix- 
man, 1964; and Batchelor, 1972). The intermediate and the 
high-concentration limits are more important in practice, but 

less amenable to rigorous theoretical treatment; they have been 
investigated rather extensively experimentally. Reliable em- 
pirical methods for determining the settling velocity-volume 
fraction (or voidage) relationship for concentrated suspensions 
of rigid spheres of uniform size and density are available 
(Garside and Al-Dibouni, 1977). 

The subject of sedimentation involving suspensions con- 
taining mixed particle sizes is not as well developed, and reliable 
relationships have not been available. This paper is concerned 
with development of methods for predicting the settling veloc- 
ity-voidage relationship in suspensions consisting of discrete 
as well as continuous mixtures of particle sizes. The method is 
based on knowledge of the sedimentation behavior of the in- 
dividual size fractions within the mixture each settling alone 
in the suspending liquid. Interaction effects among particles 
of different sizes are accounted for by viewing the sedimenta- 
tion of a given size fraction to take place in a matrix composed 
of the suspending fluid and the more slowly settling particles 
of smaller sizes. 

CONCLUSIONS AND SIGNIFICANCE 

Operations involving relative motion between a fluid and 
suspended particles arise often and include sedimentation, 
fluidization and co- or countercurrent solid-liquid operations. 

The hydrodynamics of slow vertically flowing liquid-particle 
mixtures, involving noncolloidal particles of uniform size and 
density, are understood in the dilute limit and can now be reli- 
ably treated empirically in the intermediate and concentrated 
limits. The presence of particles of mixed sizes enhances in- Correspondence concerning this paper should be addressed to M S. Selim. 
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terparticle interaction because the faster settling larger particles 
in a sedimenting system must displace suspending fluid as the 
smaller particles which they overtake during their descent. 

In addition the presence of a mixture of particle sizes en- 
hances particle packing, and this affects suspension behavior 
very strongly outside the dilute limit. The dilute limit is one in 
which interparticle interactions are presumed to be negligible, 
and therefore particle size is irrelevant in this limit; particle 
volume fraction suffices. Natural and industrial processes 
generally involve many particles with wide distributions of 
sizes. Sedimentation in such systems results in particle classi- 
fication by size, and models capable of describing settling in 
such concentrated mixed particle size system are needed in 
assessing industrial operations such as separation, and particle 
fractionation and natural processes involving sedimentation. 

A model for sedimentation in binary suspensions, based on 
viewing individual particle settling to be governed solely by the 
local voidage surrounding it, without regard to the sizes of 
neighboring particles or to whether they are moving relative to 
it or not has been proposed (Lockett and AI-Habbooby, 1973). 

The model overpredicts sedimentation velocities because it does 
not account for the additional retarding effects of the more 
slowly settling smaller .particles as they are overtaken by the 
faster settling larger particles. An extension of this model, in- 
corporating a correction factor equal to the voidage raised to 
the power 0.4, results in improved prediction for binary and 
ternary suspended mixtures but its limitations reside in its 
failure to distinguish among particles of different sizes. 

In the present work a model is developed which describes 
sedimentation in mixed particle size suspensions in which the 
role of particle size is clearly distinguished. The model is tested 
against published and also newly collected experimental data 
on binary and ternary suspension sedimentation, and also on 
suspensions containing continuous particle size distributions. 
The new model predicts these low Reynolds number sedimend 
tation processes very well, and is also capable of representing 
experimental data on binary countercurrent operations for 
which the representative particle Reynolds numbers are much 
higher. 

PREVIOUS WORK 

There are many correlations in the literature for predicting the 
sedimentation or fluidization velocities in nonflocculating solid- 
liquid suspensions. For equi-sized particles, Garside and A]-Dibouni 
(1977) compared the accuracy of the available correlations in 
representing experimental results. The correlations suggested by 
Richardson and Zaki (1954), Barnea and Mizrahi (1973), and 
Garside and A]-Dibouni (1977) were found to be the most accurate. 
Among these, the Garside and Al-Dibouni correlation gives the 
most reliable estimates and the closest agreement with the exper- 
imental results. This correlation may be written as: 

UJU, = P-' (1) 

where n is given by 
5.1 - n 
n - 2.7 
-- - 0.1iV;: 

In Eqs. 1 and 2, Us is the fluid-particle relative velocity, Ut is the 
terminal velocity of a single-particle settling in the same fluid and 
container as the suspension, 6 is the bed voidage or porosity, and 
N R e  = p f U t d / p f  is the particle Reynolds number. The relative 
velocity Us is also referred to in the literature as the slip velocity. 
For fluidization, Us = U , / E  where U, is the superficial velocity 
of the fluid. In sedimentation experiments, the average velocity 
of the particles relative to the container U, is measured. The settling 
velocity U,  is related to the slip velocity by Us = U J E .  

Because of the possible significance of the container wall in 
laboratory-scale experiments, the terminal velocity including the 
container wall effect, U t ,  rather than U,,, is used in Eq. 1. Ut,, 
the terminal velocity of a sphere in an infinite fluid, is calculated 
from the standard drag coefficient curve (Perry and Chilton, 1973). 
Several expressions are available in the literature which relate Ut 
to Ut,. Garside and AI-Dibouni (1977) recommend the following 
expressions: 

(4) ~- 'I, - 1 + 2.35(d/D) (0.2 < N R ~  < I@) 
UI 

Equation 3 is due to Francis (1933), Eq. 4 is due to Garside and 
Al-Dibouni (1977), and Eq. 5 is due to Munroe (1888) according 
to Garside and AI-Dibouni. 

Because of the simplicity and accuracy of the Garside and Al- 

Dibouni correlation, Eqs. 1 and 2, we shall use it as the basis of our 
model for the sedimentation of multisized-particle systems. 

The principal investigations on sedimentation of multisized 
particles are those due to Smith (1965, 1967), Lockett and Al- 
Habbobby (1973, 1974), and Mirza and Richardson (1979). Smith 
(1965, 1967) presented a theoretical model for the sedimentation 
of multisized particles. The model is an extension of the spherical 
fluid model originally proposed by Happel (1958) for the settling 
of equisized particles. Predictions from the model, however, were 
in poor agreement with the experimental data acquired by Smith 
(1965) for binary suspensions. Lockett and Al-Habbobby (1973, 
1974) carried out sedimentation and countercurrent solid-liquid 
vertical flow experiments with binary particle mixtures. They 
found that the Richardson and Zaki correlation, originally proposed 
for monodisperse systems, could be applied to particles of each of 
the two sizes in a binary suspension. Mirza and Richardson (1979) 
extended the Lockett and A1-Habbobby model to the sedimentation 
of multisized particle systems. 

Both models, however, ignore interparticle interactions during 
sedimentation; that is, the relative velocities of the particles of 
different sizes are assumed not to affect the settling velocity of any 
individual particle. As a result, both models were found to over- 
predict experimental sedimentation velocities. Mirza and Rich- 
ardson (1979) applied a correction factor of (voidage)o4 to the 
predicted sedimentation velocities to obtain a better representation 
of the experimental data. The correction factor being empirical 
can only be used within the range of experimental conditions on 
which it was based. 

In the present paper, the Lockett and Al-Habbobby model for 
binary suspensions and its extension by Mirza and Richardson for 
multisized systems will be modified to account for interparticle 
interactions. Evidently, interparticle interactions become in- 
creasingly important both as the total solids concentration increases 
and as the relative velocity of the particles increases. The new 
model is tested against published and newly collected sedimenta- 
tion data for suspensions with discrete and continuous particle size 
distributions. In addition, the present model is tested against 
published data on countercurrent solid-liquid vertical flow oper- 
ations. 

PHYSICAL MODEL 

In general, segregation of particles has been observed during the 
sedimentation of suspensions of two or more sizes of particles. 
Distinct sedimenting zones are formed due to complete segregation 
of particles when the size ratio of the two closest sizes of particles 
is greater than 1.6. Partial segregation without distinct zone for- 

- 
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Figure 1. Segregation and zone-formation during sedimentation of a binary suspension. 

mation has been observed even at a particle size ratio as low as 1.19. 
When a uniform suspension of two distinct sizes of particles starts 
settling, the segregation gives rise to two sedimenting zones; a lower 
zone in which particles of both sizes are settling and an upper zone 
in which only smaller size particles are settling (Fig. 1). Sedimen- 
tation of a suspension of three sizes of particles gives rise to three 
distinct zones of sedimentation, the lowest where all three sizes of 
particles are settling, the middle where medium and small sizes 
of particles are settling and the top where only small particles are 
settling. The same physical phenomenon occurs in a suspension of 
m sizes of particles; the occurrence of segregation and the forma- 
tion of m sedimenting zones (Figure 2). 

Lockett and Al-Habbooby (1973) developed a physical model 
for binary suspensions and Mirza and Richardson (1979) extended 
their model to multisized suspensions. Both groups of workers as- 
sumed that within any sedimenting zone the settling velocities of 
larger particles were unaffected by the sizes and velocities of sur- 
rounding particles. This assumption is physically unacceptable and 
results in higher predicted settling velocities for the larger parti- 
cles. 

It has been observed that, when a large particle settles in a sus- 
pension of smaller particles, it displaces not only the fluid but also 
the smaller-size particles. Thus, sedimentation velocities of large 
particles in a multisized-particle system are lower compared to their 
velocities in a suspension of their own kind at the same total con- 
centration. It is clear, however, that interparticle interaction cannot 
be ignored in multisized-particle systems. These interactions are 
taken into account by considering the buoyancy effects of all 
particles having sizes less than those of particles in size group i on 
the terminal falling velocity of particles in size group i .  Thus, the 
interaction effects among particles of different sizes are accounted 
for simply by computing the terminal settling velocity of a given 
particle as if it were settling in an effective fluid having the same 
viscosity as the pure fluid and a density equal to a mixture of the 
pure fluid and all of the more slowly settling particles locally 
present. We use this idea to derive first the model for binary sus- 
pensions, and then to extend it to the case of suspensions with 
multisized particles. Clearly, the range and accuracy of the model 
must rely on experimental data for verification. 

BINARY SUSPENSIONS 

In general, a suspension of two distinct sizes of particles will give 
rise to four zones during the course of sedimentation (Figure 1). 
From the top downwards these will consist of: clear liquid, sus- 
pension of predominantly smaller particles, suspension of particles 
of both sizes with concentration equal to initial concentration, and 
lastly, sediment. 

Consider sedimentation in the zone containing both sizes of 
particles. Let suffixes S and L designate the small and large par- 
ticles, respectively, and suffixes 1 and 2 apply to upper and lower 

sedimenting zones. To account for particle interactions in the lower 
sedimenting zone, the terminal falling velocity for the larger 
particles is calculated as if they were settling in a suspension con- 
sisting only of the smaller-size particles. In the Stokes’ Law range 
the terminal falling velocity of a large particle U t m , L , 2  is given 
as: 

where ps is the density of a suspension consisting only of the 
small-size particles. The density ps may be written as: 

(7) 

The terminal falling velocity for the small-size particles Utm,s,z may 
be written as: 

To account for the container wall effect in Eqs. 6 and 8 we use the 
following equation by Francis (1933): 

(9) Ut,i,z - [ 1 - 0.475 di/D 
Ut-,i,2 1 - dt/D 

Sett l ing velocit ies 
o f  In te r faces  

Uc.a.1 

“c,b,2 

“c , m- 1, M - 1 

Uc.m,M 

Zone 1 

I 

Zone M-1 

Zone M L= 

Clear  liauld 

Contains only the 
smal les t  par t ic les  

Contalns par t ic les  
o f  slzes  a,b. ... m-1 

Contains par t ic les  
of ell size. a,b ,  ... m 

Sediment 

Figure 2. Segregation and zone-formation during sedimentatlon of a muHlsized 
particle suspension. 
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where i = L,S. Now Eq. 1 may be written for the small- and 
large-size particles in this zone to give: 

US,L,Z = Ut,L,2€n2L,2-1 (10) 

us,s.z = Ut,S,2€2 (11) 

The nL.2 and ns,2 may be computed from Eq. 2 for Garside and 
Al-Dibouni (1977). In sedimentation, the upward flow rate of liquid 
is equal to the downward flow rate of particles at any cross section. 
This gives: 

(12) 

The fluid-particle relative velocity, Us,  is related to the fluid ve- 
locity, U f ,  and the sedimentation velocity, Uc,  by the equation 

(13) 

A plus sign is used in Eq. 13 since the direction of U f  is opposite to 
that of U,. Equation 13, applied to the large and small particles 
in zone 2, gives: 

(14) 

(15) 

ns.2-1 

Uf,2€2 = UC,L,2CL,2 + uc,s,2cs,2 

us = U f  + uc 

Us.L.2 = q , 2  + UC,L,2 

U S A 2  = Uf,2 + uc,s,z 

Uf,2€2 =   us,^,^ - U ~ , Z ) ~ L , Z  +   us,^,^ - U ~ , Z ) C S , ~  

Introduction of Eqs. 14 and 15 into Eq. 12 gives: 

(16) 

Since €2 + C L , ~  + C S , ~  = 1, Eq. 16 may be rearranged to give 

Uf,2 = US,L,2CL,2 + us,s,zcs,z 
Now, 

Since all the terms on the righthand side of Eqs. 19 and 20 are 
known, U c , t , ~  and UC,s,2 can be calculated. Here, U c , ~ , 2  corre- 
sponds to the observed rate of fall of the interface between the two 
sedimenting zones. 

The concentration of the particles in the upper zone 1 is not di- 
rectly known but can be calculated using a mass balance. The 
volumetric rate at which the small particles pass from the lower 
zone to the upper zone is ( U c , ~ , ~  - Uc,s,2)Cs,2At, where At is the 
cross sectional area of the container. The rate of increase in the 
volume of the upper zone is (Uc,1,,2 - Uc,s,l)At.  Thus, the con- 
centration of particles in the upper zone, Cs,l, is given by 

Since this zone contains only uniformly-sized particles, Eq. 1 can 
be directly applied to give UC,s,l 

UC,S,l = Ut,S,l(l - CS,l)"S.' (22) 

where Ut,s,l = Ut,s,2 and also ns,1 = ns,2. Equations 21 and 22 can 
be solved simultaneously to calculate Uc,s,l and Cs,l. Clearly, Uc,s,l 
corresponds to the observed rate of fall of the interface separating 
the suspension and the clear liquid. 

In a typical case, one starts with a uniform suspension of known 
concentrations for the large- and small-size particles. These initial 

concentrations are identical to C L . 2  and CS.2, respectively. With 
these known, Uc,L,2 and Uc,s,2 can be calculated from Eqs. 19 and 
20. The latter quantities are then used in Eqs. 21 and 22 to calculate 
U,,S,J. In this manner the rates of fall of the upper and lower in- 
terfaces, i.e., Uc,s,l and Uc,L,z are determined from the model. 
These predicted values may be further checked against experi- 
mentally-measured values of the interface velocities. 

MULTlSlZED SUSPENSIONS 

Consider a suspension of m different-size particles (a,b,. . .,m; 
size a being the smallest); this will give rise to M (  =m) zones of 
settling suspensions, (I,&. . .,M counting from top), with clear liquid 
above and a sediment layer at the bottom. All zones will exist at the 
beginning of the sedimentation (Figure 2) and each zone will dis- 
appear in turn during the sedimentation process as its upper 
boundary coincides with that of the sediment layer. 

The model developed for binary suspensions may be extended 
to the sedimentation of multisized particle systems. Three suffixes 
will be used for the particle velocity U ;  the first suffix refers to the 
type of velocity (settling, slip, terminal), the second designates the 
size of particle (size a, size b, . . . , size m),  and the third refers to 
the sedimenting zone under consideration (zone 1, zone 2, . . . , zone 
M ) .  The symbol for concentration C has two suffixes; the first suffix 
designates the size of the particle and the second refers to the zone 
under consideration. 

Veloclty of Particles in the Lowest Zone ( M )  

be written using Eq. 1 as: 
This zone contains all sizes of particles and their velocities can 

u s , i , M  = u t , i , M € 2 M - 1  i = a,b,. . .,m (23) 
As there is no material crossing the sediment zone, the upward flow 
rate of the liquid must equal the downward flow rate of the settling 
particles. Writing this in velocity terms, we get: 

The slip velocity of any size particle may be written as: 

UQ,M = u f , M  + U c , i , ~  i = a,b,. . ..m (25) 
Substituting U c , i , ~  from Eq. 25 into Eq. 24, we get: 

m 

i =a 
u f , M € M  = c (Us , i ,M - U f , M ) C i , M  (26) 

Equation 26 may be rearranged to give: 
m 

uf ,M = i=a  c u s , i , M c i , M  

m 

i =a 
= Ut,i,M6$'-1C<,m (27) 

Substitution of Us, i ,M from Eq. 23 and U f , M  from Eq. 27 into Eq. 
25 gives: 

Uc,i,M = Ut,i,M ni  M' M - 1  - 2 U t , j , M f a ' - l  Cj ,m 
j =a  

i = a,b,. . . ,m (28) 
Since concentrations in this zone are the same as the initial con- 
centrations, all the terms on the righthand side of Eq. 28 are known 
and the settling velocity of each size particle can be calculated 
directly. Evidently, U c , * , ~  corresponds to the rate of fall of the 
interface separating the zones M and M - 1. However, it should 
be kept in mind that the terminal falling velocity of a particle of 
size i is calculated as if it were settling in a suspension consisting 
only of particles of sizes smaller than size i .  Accordingly, we may 
write 
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where p s , j , ~  is the density of a suspension consisting of all particle 
sizes smaller than size i in zone M, and may be written as: 

(30) 
For the smallest size particles (i = a), the terminal falling velocity 
may be written as 

To account for wall effects in Eqs. 29 and 31 we use, as before, the 
equation 

Equation 28 in combination with Eqs. 29, 30, 31 and 32 may be 
used to compute the settling velocities Uc,i,m of all different size 
particles in zone M. 

Velocities of Particles in Zone M - 1 

The particles present in this zone are of sizes a, b, . . . , m - 1. 
Concentrations and settling velocities of particles of all sizes present 
are unknown and must be calculated. 

The rate per unit area at which particles of size i cross the in- 
terface from zone M to zone M - 1, say x ,  is given by 

X = (Uc,m,M - U c , i , ~ ) C i , ~  i = a,b,. . .,m - 1 (33) 
The rate per unit area at which the volume of zone M - 1 is in- 
creasing, say y, is clearly the difference in rate of fall of the inter- 
faces forming this zone. This is, therefore, given by: 

Dividing the quantity of Eq. 33 by that in Eq. 34, we get the con- 
centration C,,M-~ as: 

( Uc,mN - Uc,W )C4M 
(vc ,m,M - Uc,m-1,M-1) 

i = a,b,. . . ,m - 1 (35) C1,M-1 = 

For this zone, equations analogous to Eqs. 28 through 32 may be 
listed as follows: 

n j M - 1 - 1  
m-1 

ni,M - 1-1 - Uc,f,M-l = Ui,i,M-l%4 - 1 c Ut,j,M-l%’- 1 Cj,M-l 
j =a 

i = a,b,. . .,m - 1 (36) 

i = b,c,. . . ,M - 1 (38) 

(39) 

The terminal velocities Ut,f,M-l (j = a, b,. . .,m - 1) are first 
computed from Eqs. 37 and 39. The densities Ps,{,M-I are required 
in Eq. 37. These are obtained from Eq. 38. An iterative scheme is, 
however, required since Eq. 38 contains the unknown concentra- 

tions Cj.M-1 ( j  = a, b,. . .,m - 1). The iteration scheme proceeds 
as follows: 

(i) An initial set of values of concentrations Cj.M-1 ( j  = a, 
b,. . . ,m - 1) is assumed and used in Eq. 38 to compute ps ,{ ,~ - l  (i 
= b, c,. . .,m - 1). A reasonable guess for this set is the corre- 
sponding concentrations in the lower zone. 

(ii) The terminal falling velocities utm,i ,M-1 (i = a, b,. . .,m - 
1) are computed using Eqs. 37 and 39 together with Eq. 40 to ac- 
count for the wall effect if necessary. 

(iii) Equations 35 and 36 are then solved simultaneously for the 
concentrations CI.M-1 and the velocities Uc ,{ ,~- l  (i = a, b,. . .,m 
- 1). 

(iv) The values obtained in step (iii) for the concentrations 
C,,M-l (i = a,  b,. . .,m - 1) are used in step (i) to recalculate 
Ps,<,M-I (i = b, c, .  . .,m - 1) and the cycle is repeated. In the cal- 
culations, the iteration cycle is checked for completion by the re- 
quirements that 

and 

hold for all values of i(i = a, b,. . .,m - 1) where 61 and 62 are 
prescribed error values. 

The simultaneous solution of Eqs. 35 and 36 can be obtained in 
a direct manner by first writing Eq. 36 for the largest particle size 
in that zone. For the present zone (zone M - l), the largest particle 
size is m - 1. The resulting equation takes the form: 

which indicates that Uc,&-I,M-l is a function only of all concen- 
trations present in zone M - 1. As Eq. 35 indicates, each of these 
concentrations is a function of Uc,m-l,M-l alone, i.e., 

. . . . . . . . . . . . .  

cm-1,M-1 = fm- l (~c ,m- l ,M-- l )  (42) 

When expressions for these concentrations are substituted from l2q. 
42 into Eq. 41, there results a nonlinear equation for Uc,m-l,~-l .  
The latter may be solved for Uc,m-l,M-l using the Newton- 
Raphson method or the Reguli-Falsi method (Lapidus, 1962). With 
Uc,m-l,M-l known, all unknown concentrations may be obtained 
directly from Eq. 35. Substitution of the resulting values for the 
concentrations into Eq. 36 gives the remaining unknown velocities 
and thereby the solution is complete. 

Similar equations can be written for zones M - 2, M - 3,. . ., etc; 
and zone by zone computations can be carried out to calculate the 
concentrations and the settling velocities in all zones. 

The simultaneous solution of Eqs. 35 and 36 may also be carried 
out iteratively. An initial value for Uc,m-l,M-l is taken as Uc,m-l,M, 
the settling velocity of the same size particle in the zone below the 
present zone. Substitution of Uc,m-l,M-l in Eq. 35 gives the con- 
centrations of all particle sizes in this zone. These new values of 
concentrations are used to calculate Uc,m-1,M-l from Eq. 36. This 
value of Uc,m-1,M-1 may be used to calculate new concentrations 
from Eq. 35. The iteration continues until the difference between 
two successive velocity values is less than a prescribed error bound. 
A computer program which carries out these computations for an 
arbitrary preassigned number of zones was written. A sample 
program is available (Kothari, 1981). 

EXPERIMENTAL WORK 

To evaluate the present model, and to compare it with others, experi- 
mental data on suspensions with mixed particle sizes were taken, since 
available data in the literature on mixed sizes are insufficient. The particles 
used were glass spheres which were obtained in ten different size ranges, 
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TABLE 1. PROPERTIES OF GLASS SPHERES RESULTS AND DISCUSSION 

No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

- 
Particle Size in 
Sieve Numbers 
- 35+ 40 
- 40+ 45 
- 4 5 +  50 
- 50+ 60 
- 60+  70 
- 70+ 80 
- 80 + 100 
-100 + 120 
-120 + 140 
-170 + 200 

Diameter 
Range 

(micron, pm) 
500 - 420 
420 - 354 
354 - 297 
297 - 250 
250 - 210 
210 - 177 
177 - 149 
149 - 125 
125 - 105 

88 - 74 

Mean 
Diameter 

(micron, pm) 
460 
387 
326 
274 
230 
194 
163 
137 
115 
81 

Density 
(kg/m3) 

2450 
2420 
2450 
2440 
2430 
2470 
2440 
2460 
2390 
2340 

TABLE 2. PROPERTIES OF SUSPENDING LIQUIDS 

Density at Viscosity at 
Suspending Medium 297 K, kg/m3 297 K, Pa-s 

Ethylene Glycol 1,108 0.0184 
Diethylene Glycol 1,115 0.0302 
60% Aqueous Glycerol 1,165 0.0135 

each representing the fraction between two consecutive sieves as shown 
in Table 1. An arithmetic average of the sieve openings was taken as the 
average diameter for each size fraction; the size ratios for pairs of openings 
being equal to fi = 1.19. The densities of the particles were determined 
using a pycnometer, and an average value of 2,430 kg/m3 was used for all 
sizes since density variations among sizes were small, Table 1. To observe 
particle segregation, and to distinguish motions of various size fractions, 
the particles were colored using a process originally developed for dyeing 
glass fibers (Hyde, 1941). The dyeing had no discernible effect on particle 
size or density (Kothari, 1981). 

Ethylene glycol, diethylene glycol, and 60% aqueous glycerol were used 
as suspending media. The densities of the liquids and their viscosities 
(measured over the range 293-299 K using a Brookfield viscometer) are 
given in Table 2. 

Sedimentation experiments were carried out in a vertical flat-bottomed 
Plexiglas tube 3.2 cm in diameter and 76 cm long. During the experiment 
the tube was held in a vertical position using a metal stand inside a ther- 
mostated chamber, which was kept at a constant temperature of 297 f 0.5 
K. The slurry of glass spheres was prepared by mixing known weights of 
liquid and the appropriate sizes of solids in the sedimentation tube, whose 
capacity was 596 cm3. After the suspension had reached ambient tem- 
perature within the chamber, the suspension was agitated sufficiently to 
insure an initially uniform concentration throughout the tube, and the tube 
was replaced within the constant temperature chamber for the start of the 
sedimentation experiments. 

Varying proportions of each particle size were used to prepare 39 dif- 
ferent suspensions; 30 suspensions comprising mixes of two sizes of particles, 
three suspensions of three particle size mixtures, and six suspensions con- 
taining continuous particle size distributions. Sedimentation data were taken 
at five different concentrations for each suspension. The total concentration 
of solids ranged from 12% to 45% by volume. Altogether 195 data points 
were collected. Each data point was replicated once and reproducibility 
was within 3%. The averages of the two measurements were used in the 
final calculations. Additional details on the experimental work and the 
listing of all the data are given by Kothari (1981). 

Aside from the data collected in our work, the only other available data 
which could be used here were the data on sedimentation in binary systems 
due to Smith (1965) and Mirza and Richardson (1979), and the sedimen- 
tation and countercurrent flow data in binary suspensions due to Lockett 
and Al-Habbooby (1973). Smith’s binary data totalled 85 points and Mirza 
and Richardson’s data consisted of 45 data points, all of which were used 
here. Lockett and Al-Habbooby’s sedimentation data concerned the initial 
sedimentation rates for binary suspensions and could not be used with the 
present model which predicts average settling rates. Smith (1965) also 
presented five data points on ternary systems, but these could not be used 
because of the absence of information regarding concentration. The binary 
and ternary sedimentation data of Davies (1968) were also excluded because 
properties of the solids and suspending liquid were not given in his paper. 
Like Lockett and Al-Habbooby (1973), we were unable to reproduce 
Davies’ (1968) experiments because settling rates were so rapid with the 
types of suspensions he used that we could not obtain an initially uniform 
concentration. 

Sedimentation data are usually expressed as interface velocity 
versus voidage in the suspension. We present in Figures 3 to 6 
typical and representative velocity-voidage plots which compare 
our model with our experimental data on binary suspensions. To 
conserve space, only a small selection from the total number of such 
velocity-voidage plots we developed are presented here. The 
complete set of plots and the data are given in Kothari (1981) 
Figure 7 presents a comparison between the present model and the 
binary sedimentation data taken by Smith (1965). Figure 8 provides 
a comparison between our and Mirm and Richardson’s model using 
Mirza and Richardson’s (1979) binary sedimentation data. Lockett 
and Al-Habbooby’s (1973), Mirza and Richardson’s (1979) and the 
present models are compared in Figs. 9 and 10. 

Aside from the graphical comparisons in Figures 3 to 10 we 
present in Table 3 the average absolute percent deviations between 
predicted and measured values for interface velocity for these 
models. Although not shown in this table, deviations equal to or 
exceeding 20% occur for only twelve of the data points for the 
present model, while the number of data points with deviations 
outside the 20% band is 77 for Mirza and Richardson’s model, and 
218 for Lockett and Al-Habbooby’s model. It is clear from the 
graphical comparisons and from the numerical values in Table 3, 
which is based on 238 data for each of the interfaces, that the 
present model does a superior job of prediction for binary sedi- 
mentation than previously proposed models for both interfaces. 
Figures 9 and 10 demonstrate that the Lockett and Al-Habbooby 
model considerably overpredicts the settling velocities for both 
interfaces; no doubt for the reasons stated at the outset. Although 
these same figures show that predictions using the Mirza and 
Richardson model are not unsatisfactory for the upper interface, 
significant deviations from experimental data are obtained for the 
lower interface. 
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Figure 3. Comparison of experimental results with model for dL = 326 pm, 

ds = 137 pm, and Cs = 0.0797. 
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Figure 4. Comparison of experimental results with model for dL = 480 pm, 
Us = 194 pm, and C, = 0.173. 
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experimental data of Mizra and Richardson. 
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Figure 9. Comparison of models with new experimental data for the lower 
interface. 

For ternary suspensions only 15 data points were collected in the 
present work. Typical results are shown in Figure 11. Although the 
available body of data may be somewhat small to permit definitive 
evaluation of the present model relative to previously proposed 
models for ternary suspensions, Figure 11 suggests that the present 
model provides very satisfactory description for such systems. 
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Figure 10. Comparison of models with new experimental data for the upper 
interface. 
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Flgure 11. Comparison of the present model with new experimental data for 
ternary suspensions. 

The sedimentation studies described in the foregoing provide 
tests of the efficacy of the present model for settling at low Reynolds 
numbers, which is of course a very important range in practice. 
Data for higher values of Reynolds number may be obtained from 
co- or countercurrent solid-liquid vertical flows. Lockett and Al- 
Habbooby’s (1973) counter-current flow experiments covered the 

AlChE Journal (Vol. 29, No. 6)  Page 1036 November, 1983 



TABLE 3. COMPARISON OF PRESENT AND PREVIOUSLY PUBLISHED 
MODELS WITH EXPERIMENTAL DATA ON BINARY SEDIMENTATION 

AND COUNTERCURRENT SOLID-LIQUID VERTICAL FLOWS 

Model 

Absolute Average Percent Deviation 
Binary Countercurrent 

Lower Upper Large Small 
Interface Interface Particles Particles 

Sedimentation Flow 

Lockett and Al-Habbooby (1973) 34.2 12.1 40.1 22.2 
Mirza and Richardson (1979) 15.5 6.6 21.8 21.3 
Present 5.8 6.1 6.8 16.8 

Reynolds number range from 79 to 546. Unlike sedimentation such 
continuous binary operations do not result in distinct zones, but the 
operation may be viewed to be similar to that occurring in the lower 
zone in a sedimenting binary suspension. The slip velocities for each 
size fraction may be calculated using Eqs. 10 and 11. The terminal 
settling velocities for the individual particles settling alone, for this 
higher range of Reynolds numbers, are calculated using the drag 
coefficient-Reynolds number correlation given by Turian et al. 
(1971). This correlation is given by 

loglo Naem = -1.38 + 1.94 logloA 
- 8.60 X (log1OA)z - 2.52 X (loglOA)3 
+ 9.19 x 1 0 - ~  ( 1 0 g ~ ~ A ) ~  + 5.35 x 1 0 - ~  ( l~g , ,A)~  (43) 

where 

Equation 43 is valid up to N R ~ ~  6 1.5 X 105. The wall effect is 
included using Eq. 4 due to Garside and Al-Dibouni (1977). The 
various models and the experimental data of Lockett and Al- 
Habbooby on binary counter-current suspended flow were com- 
pared, and the results are given in Table 3. These comparisons 
demonstrate that the present model does a much more satisfactory 
job of representing such data than previous models, and they fur- 
ther provide indications of the validity of the model over broader 
ranges of Reynolds number than those pertaining to sedimentation 
experiments alone. 

The applicability of the present model for describing sedimen- 
tation in suspensions with continuous particle size distributions was 
also tested. Unlike suspensions containing discrete particle size 
fractions, no distinct zones are observed in such suspensions but 
partial segregation of particles by size does occur. To test suspen- 
sions containing continuous size distributions using the present 
methods, we consider such a mixture to consist of a mixture of 
closely sized fractions, each covering a narrow range of the size 
spectrum. Then the rate of fall of the interface separating sus- 
pension from clear liquid in the partially segregated suspensions 
is calculated using the model developed for segregated suspensions. 
In making progressive settling computations with the distribution 
broken into various size fractions, Smith (1966) found that it was 
sufficient to have size fractions in which the largest to smallest 
particle size spread corresponded to a size ratio of 1.2, which 
coincides with the ratio for two successive screen openings in the 
U.S. Sieve Series (a = 1.19). Accordingly two kinds of mixtures 
were prepared: the first consisted of two successive size fractions, 
and the second of three successive size fractions of particles. Figures 
12 and 13 depict typical plots comparing predicted and observed 
interface velocities for a two-fraction and a three-fraction sus- 
pension, respectively. These comparisons demonstrate that the 
present model is also applicable to suspensions with continuous size 
distributions. 

Although the present model predicts the sedimentation rate for 
a wide range of particle size ratios and concentrations, it deviates 
substantially in two limiting cases. The first corresponds to sus- 
pensions with nearly equal-sized particles. In this case, depending 
on concentrations, the model may incorrectly predict the smaller 
particles to settle faster than the larger ones in the zone containing 
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Figure 12. Comparison of the present model with experimental data on sus- 
pensions with continuous slre distribution. 
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Figure 13. Comparison of the present model with experimental data on sus- 
pensions with continuous sire distribution. 

both species. This limitation is attributable to the fact that the model 
presumes the occurrence of segregation and distinct zone formation 
which do not arise in suspensions of nearly equal-sized particles. 
In fact Coe and Clevenger (1916) have long ago indicated that such 
suspensions settle with uniform concentration and no segregation 
(scxakd en m s e  settling). The second limiting case corresponds 
to the opposite limit when there are very large particles settling 
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amongst much smaller ones. In this case the larger particles settle 
much faster than the smaller ones, which virtually remain stagnant 
during the entire duration of fall of the large particles. Thus the 
larger particles would behave as if they were settling in a homo- 
geneous suspension with an effective viscosity larger than that of 
the pure fluid alone. 
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NOTATION 

At 
C 
D 
d 
g 
n 
U, 
Uf 
U ,  
us 

vi 
U t ,  

= cross-sectional area of vessel or tube 
= concentration in volume fraction 
= diameter of vessel or tube 
= diameter of spherical particle 
= acceleration due to gravity 
= exponent of E in Eq. 1 
= settling velocity of particle in suspension 
= velocity of displaced fluid 
= superficial velocity of fluid 
= slip velocity (relative velocity between particles and 

= terminal velocity of a single particle in finite fluid 
= terminal velocity of a single particle in an infinite fluid 

fluid) 

medium 

Greek Letters 

E 
pf = viscosity of fluid 
p j  = density of fluid 
PP = density of particles 
P s  = density of suspension 

= voidage (fluid fraction in suspension) 

Dlmenslonless Groups 

N R ~  
NRem 

= particle Reynolds number dUipf/pf 
= particle Reynolds number dUimpf/pj 

Subscripts 

L = large particle 
S = small particle 
a - m = sizes of particles (smallest to largest) 
1 - M = settling zones (top to bottom) 
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